Relative Newton numbers of regular polygons with equal side lengths

Arnfried Kemnitz Diskrete Mathematik Technische Universität Braunschweig Pockelsstr. 14 D-38106 Braunschweig Germany

László Szabó^� Computer and Automation Institute

Hungarian Academy of Sciences Lágymányosi utca 11 H-1111 Budapest Hungary

November 8, 2000

Abstract Let K_n denote a regular n-gon with unit side length. For two regular polygons K_n and K_m let the relative Newton number N(K_n, K_m) of K_n and K_m be the maximum number of congruent copies of K_m that can touch K_n without having interior points in common. In this paper we determine the exact value of N(K_n, K_m) for various pairs (n, m). 1. Introduction

The Newton number N(K) of a convex body K is the maximum number of congruent copies of K that can touch K without having interior points in

�The work was supported by Hungarian State Eötvös Fellowship and by Hungarian Scientific Research Fund No. F019449. 1 common. Even in the plane, the question for N(K) is far from being trivial for most convex discs K. The exact value of N(K) is known only for some special convex discs K, e.g. for regular n–gons [1, 5, 7, 8, 10, 11, 12], for Reuleaux triangles [2], for certain isosceles triangles [2, 6, 10], and for certain rectangles [5]. Also, some estimates are given for more general classes of convex discs involving different parameters of the discs, e.g. diameter, width, etc. [2, 4, 9, 10].

In this paper we consider the following generalization of the Newton number problem due to Wegner [10] (see also [3]). For two convex discs K and L, let the relative or parasitic Newton number N(K, L) of K and L be the maximum number of congruent copies of L that can touch K without having interior points in common. Here we concentrate on the cases when K and L are (different) regular polygons with equal side lengths. Let K_n denote a regular n-gon with unit side length. We will determine the exact value of N(K_n, K_m) for various pairs (n, m).

2. A general upper bound

In this section we give a simple general upper bounds for N(K_n, K_m). For n ≥ 3, let r_n and R_n denote the radius of the incircle and the circumcircle of K_n, respectively. Let K be a congruent copy of K_n and let L_1 and L_2 be two nonoverlapping congruent copies of K_m which touch K. Let O, O_1, O_2 be the centre of K, L_1, L_2, respectively. Then O_1O_2 ≥ 2r_m since L_1 and L_2 do not overlap. Furthermore, r_n + r_m ≤ OO_i ≤ R_n + R_m since L_i touches K, i = 1, 2. To estimate N(K_n, K_m) from above it is enough to give a lower bound φ for the angle ]O_1OO_2. Without loss of generality we may assume that OO_1 ≤ OO_2. Now, an elementary argument shows that ]O_1OO_2 is not smaller than the smaller one of φ_1 and φ_2 where φ_1 corresponds to the case where O_1O_2 = r_n + r_m and OO_1 = OO_2 = R_n + R_m, while φ_2 corresponds to the case where OO_2 = R_n + R_m and OO_1 = O_1O_2 = r_n + r_m. Moreover, equality may occur only in these two cases.

Setting φ = min{φ_1, φ_2} we obtain the upper bound N(K_n, K_m) ≤ ⌊2π/φ⌋. The next tables show the numerical data for 3 ≤ n ≤ 6.

m 3 4 5 6 7, 8, 9, 10 11, . . . , 24 25, . . . N(K_3, K_m) ≤ ∞ 7 6 5 4 3 2

m 3 4 5 6, 7 8, . . . , 12 13, . . . , 29 30, . . . N(K_4, K_m) ≤ 21 8 6 5 4 3 2 m 3 4 5 6 7, 8 9, . . . , 13 14, . . . , 35 36, . . .

N(K_5, K_m) ≤ 20 9 7 6 5 4 3 2

m 3 4 5 6 7 8, 9, 10 11, . . . , 16 17, . . . , 41 42, . . . N(K_6, K_m) ≤ 21 10 8 7 6 5 4 3 2

For (n, m) = (6, 10) the previous argument gives the upper bound N(K_6, K_{10}) ≤ 5. More precisely, we obtain ]O_1OO_2 ≥^{2π}_5 with equality if and only if O_1O_2 = 2r_{10} and OO_1 = OO_2 = R_6 + R_{10}. However, it is impossible to arrange one hexagon and two decagons in such a way that the two decagons touch the hexagon without overlapping each other and for the centers O, O_1, O_2 of the hexagon and the two decagons, respectively, the above conditions hold. Thus ]O_1OO_2 >^{2π}_5 from which N(K_6, K_{10}) ≤ 4.

Combining the above upper bounds with the constructions given in Figures 1-4 we obtain the exact value of N(K_n, K_m) in various cases (the easy calculations showing the correctness of the constructions are left to the reader).

Figure 1: N(K_3, K_7) ≥ 4 and N(K_3, K_m) ≥ 3 for m = 11, 12.

Figure 2: N(K_4, K_m) ≥ 4 for m = 8, 9, 10, 11, 12.

Figure 3: N(K_5, K_7) ≥ 5 and N(K_5, K_m) ≥ 4 for m = 9, 10, 11, 12.

Figure 4: N(K_6, K_8) ≥ 5 and N(K_6, K_m) ≥ 4 for m = 10, 11, 12.

Theorem 1.

N(K_3, K_7) = 4, N(K_3, K_m) = 3, m = 11, 12, N(K_4, K_m) = 4, m = 8, 9, 10, 11, 12, N(K_5, K_7) = 5, N(K_5, K_m) = 4, m = 9, 10, 11, 12, N(K_6, K_8) = 5, N(K_6, K_m) = 4, m = 10, 11, 12.

3. N(K_6, K_3)

In this section we consider the case (n, m) = (6, 3) and we prove

Theorem 2. N(K_6, K_3) = 18.

Proof. Figure 5 shows that N(K_6, K_3) ≥ 18.

Figure 5: N(K_6, K_3) ≥ 18.

To prove that N(K_6, K_3) ≤ 18 consider a regular hexagon H with unit side length and its homothetic image H^′ where the centre of homothety coincides with the centre of H and the ratio of the homothety is^3_2 . The distance between the corresponding parallel edges of H and H^′ is^{√3}_4 . Divide the boundary F of H^′ into 18 segments of equal length by 18 posts so that at each vertex of F there is a post. The distance between any two consecutive posts is^1_2 .

Now, we introduce the following scoring system. A regular triangle T with unit side length touching H scores 1 point for each post in its interior, and^1_2 point for each post on its boundary.

Consider a collection C of nonoverlapping regular triangles with unit side length touching H. If a post is in the interior of one of the triangles, then this post cannot be in the interior or on the boundary of any other triangle of C. Such a post contributes exactly 1 point to the total score. If a post is on the boundary of a triangle, then it can be on the boundary of at most one other triangle and it cannot be in the interior of any triangle of C. Therefore, such a post can contribute at most 1 point to the total score. Since the number of posts is 18, the total score is at most 18.

PSfrag replacements

Figure 6: Two cases in the proof of Theorem 2.

To complete the proof it remains to show that any regular triangle T of C touching H scores at least 1 point. If a triangle T of C contains a post in its interior it scores at least 1 point. On the other hand, if T does not contain a post in its interior, then we distinguish two cases. If T ∩ H is a point, then the boundary of T must intersect F at two posts (see Figure 6(1)), i.e. T scores 2 ×^1_2 = 1 point. If T ∩ H is a line segment, then the boundary of T contains at least two posts (see Figure 6(2)), and thus T scores at least 1 point again.

4. N(K_3, K_6)

In this section we consider the case (n, m) = (3, 6) and we prove

Theorem 3. N(K_3, K_6) = 4.

Proof. Figure 7 shows that N(K_3, K_6) ≥ 4.

Figure 7: N(K_3, K_6) ≥ 4.

To prove that N(K_3, K_6) ≤ 4 consider the unit triangle T with vertices T_1(−^1_2 , 0), T_2(^1_2 , 0), T_3(0,^{√3}_2 ) in the coordinate system and the boundary F of the convex hexagon with vertices F_1(−^7_8 , −^{3√3}_8 ), F_2(^7_8 , −^{3√3}_8 ), F_3(^5_4 , 0), F_4(^3_8 ,^{7√3}_8 ), F_2(−^3_8 ,^{7√3}_8 ), F_6(−^5_4 , 0). The angles of F are^{2π}_3 and the lengths of the edges of F are^7_4 and^3_4 alternately,^{15}_2 in total. Let H be a regular hexagon with unit side length which touches T . Let H_1, H_2, . . . , H_6 denote the vertices of H in the clockwise order. First we show that the length |F ∩H| of the part of F covered by H is never smaller than^3_2 and we also determine the cases when equality occurs. This will be done by a case-by-case analysis based on the position of H with respect to the position of T .

Case 1. T ∩ H is a line segment. Without loss of generality we may assume that T ∩ H lies on H_1H_2 and T_1T_2. By symmetry, we may also assume that H_1 is on the right of T_1. For 0 ≤ t ≤ 1 let H(t) denote the position of H where the distance between H_1 and T_1 is t. Then |F ∩H(t)| =^7_4 for 0 ≤ t <^3_4 and |F ∩ H(t)| > |F ∩ H(1)| =^3_2 for^3_4 ≤ t < 1.

Case 2. T ∩ H is a common vertex of T and H. Without loss of generality we may assume that T_2 and H_2 coincide. By symmetry, we may also assume that ]T_1T_2H_1 ≤^π_2 . For 0 ≤ φ ≤^π_2 let H(φ) denote the position of H where

]T1T2H1 = φ. It is clear that |F ∩ H(φ)| = |F ∩ H(^π_2 )| =^3_2 for^π_3 ≤ φ <^π_2 .

The next range we deal with is arcsin^{3√3}_8 ≤ φ <^π_3 . The angle φ_0 = arcsin^{3√3}_8 here corresponds to the position of H where H_1 is incident to F_1F_2. Using the notations of Figure 8 the triangles T_2F_3F^I and T_2F^{III} F^{IV} are congruent thus applying the angle bisector theorem for the triangle F^{II} T_2F^{IV} with the angle bisector T_2F^{III} we obtain |F^{II} F^{III} | > |F^{III} F^{IV} | = |F^I F_3|. This implies that |F ∩ H(φ)| > |F ∩ H(^π_3 )| =^3_2 for φ_0 ≤ φ <^π_3 .

PSfrag replacements

Figure 8: Case 2 in the proof of Theorem 3 with arcsin^{3√3}_8 ≤ φ <^π_3 .

To prove that |F ∩ H(φ)| >^3_2 holds for the remaining range 0 < φ < φ_0 as well consider the particular angles φ_1 =^π_6 , φ_2 = 0.346866, φ_3 = 0.168302. Easy calculation shows that |F ∩ H(φ_{i−1}) ∩ H(φ_i)| >^3_2 , i = 1, 2, 3, and |F ∩ H(φ)| > |F_1F_2 ∩ H(φ_3)| >^3_2 for 0 < φ ≤ φ_3. Thus |F ∩ H(φ)| >^3_2 for 0 < φ < φ_0.

Case 3. T ∩ H is a vertex of T . Without loss of generality we may assume that T_2 lies on H_1H_2. By symmetry, we may also assume that ]T_1T_2H_1 ≤^π_3 . For 0 ≤ φ ≤^π_3 and 0 ≤ t ≤ 1 let H(φ, t) denote the position of H where

]T1T2H1 = φ and the distance between H2 and T2 is t. Fix φ and consider

the particular values t_1, t_2, t_3 of t where t_1 corresponds to the position of H where H_1 lies on F_1F_2, t_2 corresponds to the position of H where H_2H_3 goes through F_3, and t_3 corresponds to the position of H where H_2 lies on F_3F_4. If t_1 is not defined set t_1 = 0. This situation occurs when φ < arcsin^{3√3}_8 .

We know from Case 2 that |F ∩H(φ, 0)| ≥^3_2 and |F ∩H(φ, 1)| ≥^3_2 . Thus |F ∩H(φ, t)| >^3_2 for 0 < t ≤ t_1 and t_3 ≤ t < 1 since F ∩H(φ, 0) ⊂ F ∩H(φ, t) for 0 < t ≤ t_1 and F ∩ H(φ, 1) ⊂ F ∩ H(φ, t) for t_3 ≤ t < 1.

Next we deal with the range t_1 ≤ t ≤ t_2. Using the notations of Figure 9 consider the triangles H_1GI and H^′_2H_2J where H_1G and JH^′_2 are parallel to F_1F_2 and F_2F_3, respectively, and H_1I = H_1H^′_1 = H_2H^′_2. Since ]H_1IG =

]H^′_2H2J =^π_3 and ]H1GI = ]H^′_2JH2 therefore these triangles are congruent

and thus H_1G = H^′_2J. This implies that |F ∩ H(φ, t)| = |F ∩ H(φ, t_1)| >^3_2 for t_1 ≤ t ≤ t_2.

PSfrag replacements

Figure 9: Case 3 in the proof of Theorem 3 with t_1 ≤ t ≤ t_2.

Finally, let t_2 ≤ t ≤ t_3. Using the notations of Figure 10 consider the triangles F^I IF^{II} and F_3JF^{III} . In these triangles F^I F^{II} ≤ F^I I = JF^{III} ≤ F^{III} F_3 since ]F^I IF^{II} = ]F_3JF^{III} =^π_3 and ]F^I F^{II} I ≥^π_3 ≥ ]JF_3F^{III} . Hence |F ∩ H(φ, t)| ≥ |F ∩ H(φ, t_2)| >^3_2 for t_2 < t ≤ t_3 as well.

PSfrag replacements

Figure 10: Case 3 in the proof of Theorem 3 with t_2 ≤ t ≤ t_3.

Case 4. T ∩ H is a vertex of H. Without loss of generality we may assume that H_1 lies on T_1T_2. By symmetry, we may also assume that the distance between T_1 and H_1 is at least^1_2 . For 0 ≤ φ ≤^π_3 and^1_2 ≤ t ≤ 1 let H(φ, t) denote the position of H where ]T_1H_1H_6 = φ and the distance between T_1 and H_1 is t.

First we show that |F ∩ H(φ,^1_2 )| >^3_2 for 0 ≤ φ ≤^π_3 . By symmetry, it is enough to prove this for^π_6 ≤ φ ≤^π_3 . Consider the particular angles φ_1 =^π_6 , φ_2 = arcsin^{3√3}_8 , φ_3 = 0.980525, and φ_4 =^π_3 . Easy calculation shows that |F ∩ H(φ_i,^1_2 ) ∩ H(φ_{i+1},^1_2 )| >^3_2 , i = 1, 2, 3. Thus |F ∩ H(φ,^1_2 )| >^3_2 for π 6 ≤ φ ≤^π_3 .

Now fix φ and consider the particular values t_1, t_2, t_3, t_4 of t where the value t_1 corresponds to the position of H where H_1H_2 goes through the point F^I of F_1F_2 whose distance from F_2 is^1_4 , the value t_2 corresponds to the position of H where H_5H_6 goes through F_1, the value t_3 corresponds to the position of H where F_2 lies on the boundary of H, and the value t_4 corresponds to the position of H where H_2 lies on F_2F_3. If t_1 is not defined set t_1 =^1_2 . This situation occurs when φ >^π_3 −arctan^{3√3}_5 . If t_2 is not defined set t_2 = t_1. If t_3 is not defined or t_2 > t_3 set t_3 = t_2. If t_4 is not defined set t_4 = t_3.

First let^1_2 ≤ t ≤ t_1 and suppose that^1_2 < t_1. Then F_1 lies inside H(φ, t_1). Indeed, this is clear when H(φ,^1_2 ) contains the point F^{II} of F_1F_2 on the left of F_1 whose distance from F_1 is^1_4 since t_1 ≤^3_4 . On the other hand, if H(φ,^1_2 ) does not contain F^{II} then easy calculation shows that φ > arcsin^2_3 −^π_6 from which t_1 < 0.54406. Combining this fact with the fact that H(φ,^1_2 ) contains the point of F_1F_2 on the left of F_1 whose distance from F_1 is 0.2 the assertion follows. Thus |F ∩ H(φ, t_1)| > F_1F^I =^3_2 . Now using the notations of Figure 11 the inequality H^I F^{III} < F^{III} F^{IV} implies that |F ∩ H(φ, t)| ≥ |F ∩ H(φ, t_1)| >^3_2 .

PSfrag replacements

Figure 11: Case 4 in the proof of Theorem 3 with^1_2 ≤ t ≤ t_1.

Secondly, let t_1 ≤ t ≤ t_2 and suppose that^1_2 < t_2. Then F_1F^I ⊂ H(φ, t_1) and thus |F ∩ H(φ, t)| >^3_2 .

Thirdly, let t_2 ≤ t ≤ t_3 and suppose that t_2 < t_3. Then |F ∩ H(φ, t)| = |F ∩ H(φ, t_2)| >^3_2 .

Finally, let t_3 ≤ t < 1. We know from Case 2 that |F ∩ H(φ, 1)| ≥^3_2 thus using similar argument as for the range^1_2 < t < t_1 above we obtain |F ∩H(φ, t)| > |F ∩H(φ, t_3)| >^3_2 for t ≤ t_4 and |F ∩H(φ, t)| > |F ∩H(φ, 1)| ≥ 3 2 for t > t_4.

This finishes the proof of the inequality |F ∩ H| ≥^3_2 . In addition, we obtained that |F ∩ H| =^3_2 if and only if T ∩ H is a common vertex of T and H, and the angle of the half lines emanating from T ∩ H and going through the centres of T and H, respectively, is not smaller than^{5π}_6 . This implies that at most four copies of H can touch T without overlapping each other.

References

[1] Böröczky, K.: Über die Newtonsche Zahl regulärer Vielecke. Period.

Math. Hungar. 1 (1971), 113-119.

[2] Fejes Tóth, L.: On the number of equal discs that can touch another of the same kind. Studia Sci. Math. Hungar. 2 (1967), 363-367.

[3] Heppes, A., Szabó, L.: On the number of cylinders touching a ball.

Geom. Dedicata 40 (1991), 111-116.

[4] Hortobágyi, I.: Über die auf Scheibenklassen bezügliche Newtonsche Zahl der konvexen Scheiben. Ann. Univ. Sci. Budapest. Rolando Eötvös Nom. Sect. Math. 18 (1975), 123-127.

[5] Kemnitz, A., Möller, M.: On the Newton number of rectangles. Intuitive Geometry, (Budapest, 1995), Bolyai Society Mathematical Studies 6, eds. Bárány, I., Böröczky, K., János Bolyai Mathematical Society, Budapest, 1997, pp. 373-381.

[6] Kemnitz, A., Wojzischke, D.: On the Newton number of isosceles triangles. Manuscript.

[7] Klamkin, M.S., Lewis, T., Liu, A.: The kissing number of the square.

Math. Mag. 68 (1995), 128-133.

[8] Linhart, J.: Die Newtonsche Zahl von regelmäßigen Fünfecken. Period.

Math. Hungar. 4 (1973), 315-328.

[9] Schopp, J.: Über die Newtonsche Zahl einer Scheibe konstanter Breite.

Studia Sci. Math. Hungar. 5 (1970), 475-478.

[10] Wegner, G.: Relative Newton numbers. Monatsh. Math. 114 (1992), 149-160.

[11] Youngs, J.W.T.: A lemma on squares. Amer. Math. Monthly 46 (1939), 20-22.

[12] Zhao, L.: The kissing number of the regular polygon. Discrete Math.

188 (1998), 293-296.