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Abstract

A discrete-time financial market model is considered with a sequence of investors
whose preferences are described by utility functions U,, defined on the whole real line.
Under suitable hypotheses, it is shown that whenever U,, tends to a utility function
U, the respective optimal strategies converge too. Under additional assumptions, we
estimate the rate of convergence. We also establish the continuity of the Davis and
Hodges-Neuberger prices with respect to changes in agents’ preferences.
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1 Introduction

In the present article we are interested in the following question: does the convergence of
agents’ preferences entail the convergence of the respective optimal strategies? We assume
that these preferences are described by means of utility functions, i.e. strictly concave,
increasing functions U,, n € N converging to some utility function Us. In Jouini and
Napp (2004) the case of a complete Brownian market model was studied, where investors’
utility functions were defined on the positive axis. It was shown that the convergence of
optimal strategies indeed takes place under appropriate conditions.

In this paper we focus on different classes of models and agents: discrete-time markets
with finite time horizon and utility functions defined on the whole real line. Note that
these financial market models are, unlike the ones in Jouini and Napp (2004), generically
incomplete. The study of such markets is totally different and more involved than that of
complete markets. Thus we have to make extra assumptions such that strong no arbitrage



and bounded price processes (see section 2.1 for precise definitions). In section 3, we will
give counter-examples which show why such assumptions are necessary.

Our main result is that the convergence of utility functions implies the convergence
of the respective optimal strategies. Under stronger assumptions we also show that the
convergence rate is the same in both cases.

In incomplete markets the choice of a suitable pricing rule is a fundamental issue. So
we establish the convergence of two types of utility-based prices: Davis price (see Davis
(1997)) and utility indifference price (see Hodges and Neuberger (1989)).

2 Model description and main results

Let (Q,F,(Fi)o<t<t,P) be a discrete-time filtered probability space with time horizon
T € N. We assume that Fy coincides with the family of P-zero sets.

2.1 Market description

Let {S;, 0 < t < T} be a d-dimensional adapted process representing the discounted
— by some numéraire — price process of d securities in a given economy. The notation
AS; := S;— S;—1 will often be used. Trading strategies are given by d-dimensional processes
{t, 1 <t < T} which are supposed to be predictable (i.e. 1 is F;_j-measurable). The
class of all such strategies is denoted by ®. Denote by L>°, L5 the sets of bounded,
nonnegative bounded random variables, respectively, equipped with the supremum norm

[ lloo-
Trading is assumed to be self-financing, so the value process of a portfolio 1 € ® is

t
VA= 24> (1, AS)),
j=1

where z is the initial capital of the agent in consideration and (-,-) stands for the inner
product in R%.
The following absence of arbitrage condition is standard:

(NA): Ve ® (V¥ >0as = V¥ =0 as.).

However, we need to assume a certain strengthening of the above concept hence an
alternative characterization of (IVA) is provided in the Proposition below. Denote by
Dy(w) the smallest affine hyperplane containing the support of the (regular) conditional
distribution of AS; with respect to F;_1. We refer to Proposition 8.1 of Rasonyi and
Stettner (2005) for more details about the (random) set D;. Let Z; denote the set of
Fi-measurable d-dimensional random variables,

ét = {g € Et : E S Dt+1 a.s. |£’ =1on {Dt+1 75 {0}}}

Proposition 2.1 (NA) holds if and only if there exist F;-measurable, strictly positive,
random variables B;, 0 <t < T — 1 such that

€ss. inf P(<f,ASt+1> < —ﬁt‘ft) >0 a.s. on {Dt+1 7'5 {0}} (1)

£EEL



Proof. The direction (NA) = (1) is Proposition 3.3 of Résonyi and Stettner (2005). The
other direction is clear from the implication (g) = (a) of Theorem 3 in Jacod and Shiryaev
(1998). O

We formulate a stronger concept of absence of arbitrage. Similar strengthenings ap-
peared in Schal (1999, 2000).

Assumption 2.2 There exist constants 3, x > 0 such that

ess. inf P((§, ASi+1) < —B|F:) > k as. on {Dy41 # {0}}.
£eEy

We show in section 3 that the problems of interest in this paper can be ill-posed if Assump-
tion 2.2 is not satisfied.

The following technical assumption roughly says that there are no redundant assets,
even conditionally. It is possible to work without it, see Remark 2.13.

Assumption 2.3 D, is almost surely equal to R?, for all 1 < ¢ < T.

2.2 Agents’ preferences

Introduce the notation N := N U {oo}. Consider a sequence of agents with preferences
converging to some limiting preference.

Assumption 2.4 Suppose that U, : R — R, n € N is a sequence of strictly concave and
increasing continuously differentiable functions such that for all x € R

Un(x) = Uso(z), n — 0.

Remark 2.5 Note that the above Assumption implies the uniform convergence of both U,
and U], on compacts, by p. 90 and p. 248 of Rockafellar (1970).

A further technical condition needs to be imposed.

Assumption 2.6 Assume that there exist 0 <y < 1, £ > 0 such that forall A > 1,y >
and for all n € N
Un(Ay) < XUn(y)-

Remark 2.7 This assumption says that agents’ utility functions satisfy a certain “uniform
asymptotic elasticity” condition at +o00, see Kramkov and Schachermayer (1999), Schacher-
mayer (2001) and Remark 2.4 of Rdsonyi and Stettner (2005) about this notion, compare
also to property (P3) on p. 135 of Jouini and Napp (2004). Without some hypothesis of
this kind there might not exist an optimal strategy, see section 7 of Rasonyi and Stettner
(2005). All results of the present paper hold under a similar uniform asymptotic elasticity
condition at —oo instead of +oo.

In case we would like to estimate the rate of convergence, a strengthening of Assumption
2.4 is needed.

Assumption 2.8 The functions U,, n € N are strictly concave, increasing and twice
continuously differentiable. For all N > 0, the second derivative satisfies the bounds

((N) <|U!(z)] < L(N), z € [-N,N], n€N,



with constants £(N), L(N) > 0 and there exists a sequence of real numbers g(n) — 0, n —
oo such that

Un(0) = Usc(0)| + sup Uy (2) = Ui (2)| < C(N)g(n), n €N, (2)
z€[—N,N]

where the C'(IV) are suitable constants.

Remark 2.9 The condition on U} is a kind of “uniform strict concavity” property. Under
Assumption 2.8 the inequality

Un () — Uso(a)] < [Un(0) — Uno(0)] + /0 UL () — UL w)ldy (3)

shows that U, tends to Uy uniformly on compacts with convergence speed O(g(n)). Note
that if U, tends to Uy uniformly on compacts with convergence speed O(g(n)) then (2)
does not always hold true.

If we assume that U] converges to U/ at the rate g(n), UZ < 0 and also that there exists
some zg € R such that U,(z¢) and U}, (zo) converge respectively to Us(zo) and U. (zo)
at the rate g(n), then one can prove (by an argument similar to (3)) that Assumption 2.8
holds.

Example 2.10 Typical examples are the sequences Uy, (z) = —e~“**, x € R, 0 < ap, n €
N where o, — o at a given rate O(g(n)).

2.3 Optimization problems and convergence of optimal solutions

Fix any element G € LY and define

un (G, z) = sup EUn(V;’¢ - @G),
Ye®(Un,G,z)

where ®(U,, G, z) denotes the family of strategies 1) € ® such that EUn(ij’w — @) exists.

If G is interpreted as the payoff at time T of some derivative security, the quantity
un (G, z) represents the supremum of expected utility from initial capital z when delivering
G at the terminal date.

Theorem 2.11 Suppose that S is bounded and Assumptions 2.2, 2.3, 2.4 and 2.6 hold.
Then there exist almost surely unique optimal strategies v, ,(G,z2), 1 <t < T, n € N
satisfying

un(G, 2) = EU, (V"9 — @),

For all 1 <t < T almost surely
lim 1/’Z,t(G7 z) = ¢;o,t(G7 z).
n—oo
Moreover, lim,, .o un (G, 2) = ux (G, z) uniformly on compact sets.

Theorem 2.12 Assume the hypotheses of the previous Theorem, with Assumption 2.4
replaced by 2.8. For all N > 0 there exist suitable constants J;(N) and J(N) such that,
forall 1 <t<T,

sup (i (G, 2) = P4 (Gy2)| < Ji(N)g(n),
z€[—N,N]

sup |un(G,2) —ux(G,2)| < J(N)g(n).
2€[—N,N]



Remark 2.18 Without Assumption 2.3 proofs get messy and we obtain that the suitably
defined projections of the optimal strategies on D; converge to the projection of the limiting
strategy.

Remark 2.14 Consider random utility functions U, (x,w). In this paper we study the eco-
nomic meaningful case where Uy, (z,w) = Up(z — G(w)). Nevertheless results of Theorem
2.11 (resp. 2.12) can be extended to general random utility functions if we assume an
almost sure analog of Assumption 2.4 (resp. 2.8) and the additional hypothesis :

Vz, ess. sup |U,(z,w)| < oo and ess. inf |U(0,w)| > 0.
Q.neN Q,neN

2.4 Applications to convergence of utility based prices

Take again G' € LS°, interpreted as the payoff at time 1" of some derivative security.
A remarkable pricing method has been suggested in Davis (1997) : to evaluate claim G
using the measure

dQ(Z) B U/(V;J/J*(Ovz))
- bl * 07 ’
dP EU’(V;UJ ( Z))
where U is a suitable utility function and ¢*(0,z) is the optimal strategy with initial
endowment z and without delivering any claim, i.e.

u(0,2)= sup BUVFY) = EUVZ" ).
YED(U,0,2)

Under appropriate conditions (see section 6 of Résonyi and Stettner (2005)), Q(z) indeed
defines an equivalent risk-neutral measure and the Davis price defined by

4(G,2) = E99(G)

is an arbitrage free price. In this way individual preferences of agents are taken into account
when choosing the pricing functional by some “marginal rate of substitution argument”,
see Davis (1997) or p. 229 of Bingham and Kiesel (1998) for more economic justifications
about this pricing rule.

Theorem 2.11 permits us to establish the continuity of Davis price with respect to
changes in the agents’ preferences.

Theorem 2.15 Under the hypotheses of Theorem 2.11, the Radon-Nykodim derivatives

dQu(2) _ Un(Vin©%)
dP EU;L(V;W;(O’Z))’

define equivalent martingale measures for S and Qn(z) — Qoo(z) In the total variation
norm. Consequently,
Jim_ g,(G,2) = 4o (G, 2), (4)

for any contingent claim G € L°.
Moreover, under the additional assumption of Theorem 2.12, for all N > 0 there exists
some constant A(N) such that

sup  |gn(G, 2) — 4o (G, 2)| < A(N)g(n).
z€[—N,N]



Now consider another pricing concept, originating from Hodges and Neuberger (1989).
The Hodges-Neuberger or utility indifference price of some bounded contingent claim G is
the minimal amount of money to be paid to the seller and added to her initial capital so
that her utility when selling G is greater than the one she could get without selling it.

Definition 2.16 For any G € LS° and x € R, the utility indifference price p,(G,z) is
defined as B
pn(G,z) =inf{z € R: u,(G,x + z) > u,(0,2)}, n € N.

It is easy to check that this quantity is well-defined and 0 < p,(G,z) < ||G|lec- In
our case un (G, ), un(0,-) are strictly increasing (see the statement of Proposition 4.7), so
un (G, + pp(G, ) = un(0, ).

Theorem 2.17 Under the hypotheses of Theorem 2.11,

lim p,(G,z) = po (G, T).

3 Counter-examples

In this section we demonstrate the pathologies which might arise in the absence of our
assumptions. In all the examples we will suppose G = 0 for simplicity, so our value function
will be
up(x) ==  sup EUn(Vﬁ).
Yed(U,0,z)
Firstly, the convergence of optimal strategies may fail for unbounded price processes,
even though all the other assumptions hold.

Example 3.1 Define for all n € N
Up(z) :=1—(1—2)2V" 2<0, Unp(z):=@+2/n)Vr+1—4—2/n, x>0,

with the convention 1/00 = 0. It is easily verified that Assumption 2.4 and 2.6 holds for
this sequence. Now set

> 1 =1
a1 12273 57 a9 :Z_Q
= k3logk pt k
Take T'= 1 and AS;p such that
PAS) = —k) = —  k>9 PAS =0k) = — k>1
LY T o kBlog?k’ T T T L= O = ok "= 0

where 0 > 0 is to be chosen later. Assumption 2.2 holds with e.g. =1 and K = 1/3. As
Zkzo ng% = oo for @ < 1 and < oo for a > 1, it is easy to check that for all n € N and

¥ # 0 we have EU,(1AS]) = —oo. Consequently 17 = 0 is optimal. On the other hand,

(k+1)2 +2§:\/6k+1

1 (o]
EUm(Asl)—5—22 k2 -2,

k=1

which is finite and, for ¢ sufficiently large, strictly greater than 0, so 1% (which exists by
Theorem 2.7 of Résonyi and Stettner (2005)) cannot be 0.



The following construction shows that if S fails to be bounded, the value functions u,
may converge to oo instead of Uxe.

Example 3.2 Let Sy := 0 and

P(AS; =K' —1) = % - k1+ = k>4, and P(AS;=-1)=1/2.
Define also
Un@) = a4, <0,
Up(x) = % r+1, 0<z<n*-—1,
Un(z) = n, z>n'—1.

This sequence converges pointwise to

Uso(z) =2, <0, Ux(z)=0, z>0.

For x > 0,
r—1
oo — 1:0
Uoo () B <1
1 1 4 1 1
> > > -4 >pd )= - 4 —
un(x) > un(0) > EUL(AS)) > 5 + ™ +nP(AS; >n 1) 5 + o +/n,

showing that wu,(x) — 00 > ux(x). These U, satisfy Assumption 2.6. With some extra
work it would be possible to construct a similar example with U,, satisfying Assumption
2.4, too (i.e. U, strictly concave and smooth).

Now we point out what may go wrong in utility maximization if we drop Assumption
2.2: the value function () = supyca(v,0.2) EU(V#’) may be infinite even if S is bounded!

Example 3.3 Suppose that T' = 2, F; = P(N) and P({n}) = 1/2", n > 1. Assume that
So=51=0and

P(ASQ = —1/2"‘?1)(71) = 1/2 = P(ASQ = 1|.7:1)(n)

Define also 1
U(x):§x+1, x<0, U(x)=vVzr+1, >0.

Taking 1 (n) := 22" — 1 we clearly have

w0) > BUWAS) = BEUMAS)IF) = 3 o [LU(-p(m)/2") + SUGm)]

n=1
o
1., 1 1

n=1

In this example one can take k1 = 1/2 constant, but (31 cannot be chosen constant, hence
Assumption 2.2 fails. A similar construction can be given where 3 is constant and s is
not.



4 Facts about utility maximization

4.1 Bounds on the optimal strategies

We work on the primal problem and use a dynamic programming procedure to prove the
existence of optimal strategies and to derive bounds on them. If we used the dual approach
(see Kramkov and Schachermayer (1999) and Schachermayer (2000)), we should find bounds
on the solution of the dual problem which is even more difficult to control.

Theorem 4.4 holds true under weaker hypotheses on (Uy,),cx than Assumption 2.4.
What we need is the following:

Assumption 4.1 The function U, : R — R, n € N are concave, nondecreasing and
continuously differentiable,

sup |Up(7)| < oo for all x € R, inf U], (0) > 0.
neN neN

In what follows, it is crucial that the asymptotic elasticity Assumption 2.6 admits a
reformulation which is preserved during the dynamic programming procedure. This is the

content of the next Condition. Let V : R — R be a function.
Condition 4.2 There exist Cq,Cy > 0 such that

V(dzr) < XNV(z+ Cp)+ Co)7,
V(Az) < AV(z+Cp)+ Ca\,

forallz € Rand A > 1.
Fix some G € L and set Uy, r(r,w) := Uy(x — G(w)). Proposition 4.3 below initiates
the dynamic programming.

Proposition 4.3 Under Assumptions 2.6 and 4.1, U, r satisfies Condition 4.2 almost
surely with constants C,Cy independent from n.

Proof. Set Cy := ||Gllco, Cs3(z) 1= sup,cx |Un(z)| and Cy := C5(0). Define U, (z) :=
Un(x) — Up(0). Then by Assumption 2.6 we have for z > Z and A > 1 :
Un(Az) < NVU,(x) 4+ Cy < XU (z) + C4XT + Cy < XNVU,(z) 4+ 204\,
For 0 < z < z, using monotonicity:
Uo(A\z) < Un(AE) < NUL(Z) + Cy < NVC3(2) + Cy
< XNUp(z) + N[Cy + C3(2)],

since I~]n(a:) >0if z > 0. For <0, by concavity:

Up(z) + U (2)(A = Da < Uy (x) + M()\ — 1)z

x

Un(Ax)

IN

< MNn(z) < NUp(z).

Putting together the estimations so far, we obtain that Condition 4.2 holds for Un, neN
with uniform constants Cy := 0, Cy := 2C4 + C3(z). Now for U, 7 we get
Upr(Az) < U,(Ax) < U,(\x) + Cy < NU,(x) + [Co + C4 N
< )\,yUn($) + [02 + 204])\7 < )\VU,%T(?L‘ + Cl) + [02 + 204])\7,

showing that the first inequality of Condition 4.2 is true for U, 1, n € N with the choice
Cs := Cy 4 2C4, uniformly in n. The second inequality follows in the same way. O



Theorem 4.4 Suppose that Assumptions 2.2, 2.6 and 4.1 hold. For alln € N, we introduce
the following random functions :

Upr(z) = Uylz—G),
Uns(x) = ess.sup E(Ups1(x + (§,ASs11))|Fs), 0<s<T—1.
£EEs

ForallneN,0<s<T, U, s are well-defined and satisfy
Ups(x) < o0. (5)

The functions U, s have almost surely concave and increasing continuously differentiable
versions satisfying Condition 4.2 with constants uniform in n.

_ For alln € N,0 < s <T—1and z € R, there exists fns+1( ) € Es such that
Ens+1 € Dsy1 a.s. and

Un,s(2) = BE(Un,sr1(2 + (Ensr1(2), ASsi1))|Fs). (6)

For all 0 < s < T — 1, there exist nondecreasing functions My, MS and Hg : Ry — R such
that for alln € N, z € R:

(@) < My (a]), (7)

Un(z — s+1(|$|)) < Unsi1(2) < Unlz + My (J2])), (8)
ns(@) = B g1 (@4 (Gnsr1(2), ASs11))|Fs), (9)

Un( s+1(|=’1?!)) < Upsn(@) < Up(=Hepa(|2))). (10)

For alln € N, z € R the utility maximization problems
EU, (VY — G) — max., ¢ € ®(Uy, G, 2),

admit optimal solutions 1} (z) given by

Vina(2) = Ena(2), Pni(2) = Gngra (2 + ) (W] 1(2), ASK)). (11)
k=1

There exists nondecreasing functions Y; : R, — R, such that for alln € N, z € R

[na(2)] < Tu(l2]). (12)

and the value functions of the optimization problems are finite, i.e.
un (G, z) = Upp(z) < 00.

Remark 4.5 For the sake of notational simplicity we do not index the optimal solutions by
G, i.e. we denoted 9y, (G, z) by ¥}, 1(2) and &,+(G,z) by &ni(x), for all 1 <t < T and
n € N.

Proof. Suppose d = 1 for simplicity and let R denote a constant bound for the process
|AS|.

Sections 4 and 5 of Résonyi and Stettner (2005) will be used, but the estimations
have to be carried out in a more explicit way. The hypotheses which are needed there:



E(Ups(x)) > —o0, (5) and Condition 4.2 for U, s ; these will be shown in the reasonings
below.

First note that E(Up s(x)) > —oo holds true by backward induction for all s =0,...,T
because Uy, s(z) > E(Upsy1(2)|Fs) and Upr(z) > Uy(z — ||G|s). From standard argu-
ments, U, s are concave functions.

We shall apply backward induction to prove the statements (5) to (10). First, (5) is
trivial for s = T, (8) and (10) are trivial for s =T — 1 and Condition 4.2 for U, 1 holds by
Proposition 4.3. Moreover, as S and G are bounded, it is easy to see that (5) holds true
for s =T — 1. So from Proposition 4.4, Lemma 4.9 and Proposition 6.5 of Rasonyi and
Stettner (2005), Uy, 7—1 have almost surely concave, increasing, continuously differentiable
versions and (6), (9) hold. Finally, (7) will follow just like in the induction step below.

Let us proceed supposing that the induction hypotheses hold for s > ¢. We get from
(7) for s =t that

2+ &npr1(2)ASp1 € [ — My (Jz|)R, 2 + My (|2|)R],
and from (8) for s =1¢
Unts1(x + Mg (|Jz])R) < U, (37 + My (|2)) R+ Mg (|z] + Mt+1(’9€\)R))
because My41 and U, are nondecreasing. Also
Unii1(@ = Mia (|2 R) = Uy (2 = Mia (|2 R = Miga (|z] + My (o) R) )
Defining
My(u) == Myp1 ()R + My (u+ Mya(u)R), u € Ry,

My is nondecreasing as Mt+1 and M,y are. Using (6) for s =t and the fact that Uy 441 is
nondecreasing, we get that almost surely

Un(z = My(|z])) < Unt(z) < Un(z + My(|z])), (13)

showing (8) for s = ¢t —1. Moreover, as S is bounded, it is easy to see that (5) holds true for
s =t —1. Then Condition 4.2 holds for U, ;—1 with the same constants as in Proposition
4.3, by the argument of Proposition 5.2 of Résonyi and Stettner (2005). So we can again
apply Proposition 4.4 and Lemma 4.9 of the cited article and (6) holds for s = ¢ — 1 and
Un,i—1 have almost surely concave and nondecreasing versions. Moreover, we get that from
Proposition 6.5 of the same paper that U, ;—; has almost surely continuously differentiable
versions and (9) is satisfied.

It is also clear from (7), (9), (10) for s = t and from the facts that Hy,; is nondecreasing
and Uy, ,, nonincreasing:

Upi(x) = B(U,, 441 (% + &1 (2) ASp1)|Fe) 2 Uy (Hera (2] + RMysa (J21))),

This, together with an upper estimate of the same kind, shows (10) for s = ¢ — 1 with the
choice
Ht(u) = Ht+1(u + RMt+1<’U,)), u e R+.

Now we want to prove that a bounded optimal strategy Ent(x) exists. Let y > 0. As
Un, is concave,

Unt(=y) < Unt(0) —yU,,(0). (14)

10



Using condition (8) for s = ¢ — 1 we see that U, (0) < Uy, (M;(0)), and from Assumption
4.1 we get that

sup Up +(0) < oo. (15)
neN

We now prove that inf, .5 U}, ;(0) > 0. For this purpose, introduce the following sets:

An,s+1 = {gn,s+1(0)ASs+1 < O}a s > t.

From Assumption 2.2, P(Ay, s+1|Fs) > . Apply (9) for s > ¢

Upt(0) = E(U 4 41(Eni1(0)AS11)[F) > E(Ia, ., Uy 141(0)|F2)
> E(IAn,t+1 s IAn,TU;z,T(O”ft)a

iterating the same reasoning. We obtain that

7.(0) > UL0)E(14 oA, o1 F) > &7 inf UL(0),

n,t+1
neN

which is strictly positive by Assumption 4.1. So by (14) and (15) there exists a constant
N; (independent from n) such that U, :(—N;) < —1 with probability one, for all n € N.

Apply the estimations of the proof of Lemma 4.8 in Rasonyi and Stettner (2005) with
the choice V := U; to an arbitrary £ € E,_1, £ € Dy, [¢| # 0. In that Lemma C is taken
to be 0, but the argument can be easily adapted to yield

E(Un(z + EAS)|Fio1) < |€]Y Ly () + 2Ca|€]” — [¢]17/ 2 /2, (16)
whenever "
T (=)/2 _
Crt ez — 16078 < =N

here L, ¢(x) is a random variable such that

0 < Lpy(x) 2U,5,(z + C1 + R) < 2U,f (Jz| + C1 + R+ My(|z| + C1 + R))

<
< 2sup Uf(|z| + C1 + R+ My(|z| + C1 + R)) =: Gy(|z]),
neN

and the latter is a deterministic function, nondecreasing in |z| and independent of n, by
Assumption 4.1.

Now there exists some deterministic function u — M;(u), u € Ry (chosen to be nonde-
creasing) such that if |£(w)| > M;(|z|) then

@) Gullz]) + 2Ca|E W) — [6(w)| T 2k/2 < inf Un(z — Mi(lz]),

]

W—\g(w)W—W% < =N,

Cr+

here the infimum is finite by Assumption 4.1 again. Define the set A = {|¢| > M;(|z|)} €
Fi—1. From (16) and (8) for s =t — 1 we have that on A,

E(Unt(z + §AS)|Fi-1) < Un(x — My(|z])) < E(Unt(2)|Fi-1),

11



hence

E(Umt(.’ﬂ + fASt)’ft_l) IAE(Un,t(ﬂf)’ft_l) + IAcE(Un,t(LE + §ASt)|ft_1)

E(Un,t(:c -+ fIAcASt)’ft_l),

VARVA

with strict inequality on A. Assume that P(A) > 0 and apply the last inequality for
&= gn,t(az); then the strategy fm(m)IAc contradicts optimality. So (7) holds for s = ¢ — 1.

It remains to prove that the strategies defined by (11) are optimal. Just like in
Proposition 5.3 of Rasonyi and Stettner (2005), we obtain that for any trading strategy
v e ®(Upy,G,2):

EU.(VE)Fo) < Uno(2) = E(U.(VE )| 7).

As Up(z) is finite and Fy is trivial one gets that u,(G,2) = U,0(2) < oo, and for all
b € B(Un, G, 2), BE(U.(VEY)) < EU(VEY?)) = un(G,2) < oco. Thus ¢ (z) is the
solution of

EU,(VZY) = max., ¢ € ®(Uy, G, 2).

By induction, it is easy to see from (7) that (12) holds with

T1(u) = My(u) and Yyyq(u) = Myyq (u +RY Ts(u)> :

s=1

g

Corollary 4.6 Under the conditions of Theorem 4.4, there exist nondecreasing functions
F, Ry - Ry, 0<t<T such that for alln € N

VY| < Fy(l2]) as,

for the optimal strategies 1} (z) constructed in the previous Theorem.
Proof. Indeed, define Fy(u) :=u+ R [22:1 T; (u)] O

4.2 Uniqueness

Proposition 4.7 If we assume, in addition to conditions of Theorem 4.4, that the U,, are
strictly concave for n € N then the U, ; (and thus u,(G,-) = U, ) are strictly concave a.s.
for allt =0,...,T and there exists a unique optimal strategy i, such that almost surely
Yot € Dy, forallt=1,...,T.

Proof. To see strict concavity we argue by backward induction : the case s = T is trivial,
suppose that for some s < T, x # y and 0 < o < 1 we have

Ups(ax+ (1 —a)y) = al, s(x) + (1 — a)Up s(y),

on aset A € Fy of positive probability. By concavity of Uy, ;1 and optimality of 5,17 s+1(ax+
(1 — a)y) we have

E(aUn,erl(x + én,s+1(x)ASs+1) + (1 - a)Un,erl(y + én,s+1(y)ASs+1)|fs)
]

E(Un,erl (OA’L‘ + (1 - a)y + [agn,erl(:Z‘) + (1 - O‘)én,s+1(y) ASs+1)|fS)
E(Un,s+1(a$ + (1 - a)y + gn,erl (O‘:E + (1 - O‘)y)Aserl)u:s)'

VANVAN
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On A, the first and the third lines are equal, so from the equality of the first and the second
lines we get

Is (OéUn,s+1(90 + &n,s1(2)ASep1) + (1 — ) Up s (y + é:n,s+1(y)A55+1)> =
LyUp,sii(az + (1= @)y + [abp i1 (2) + (1 = @)1 (9)]ASsh1).
On A one has, by strict concavity of Uy, s41,
T+ €nsi1(2)ASsi1 = Y + Ensi1(¥) ASs i1
As z # y, the quantity &, «11(z) — &n.s1(y) is nonzero, so we get on A,

T —Y
én,s+1($) - gn,erl (y)

- ASS+1.

Thus Dsy1 # {0} on A. Moreover the left-hand side is Fy-measurable, so we arrive at
a contradiction as ASs1 has nondegenerate conditional distribution by Assumption 2.2.
Unicity of &, is a consequence of Theorem 2.8 in Résonyi and Stettner (2005). O

5 Facts about convergence

Corollary 5.1 Suppose that Assumptions 2.2, 2.4 and 2.6 hold. Then U,; converges to
Uso,t almost surely, uniformly on compacts, for all 0 <t <T.
In particular, u, (G, ) = Upo(-) converges to us (G, ) = Uss o(-) uniformly on compacts.

Proof. 1t suffices to establish almost sure convergence pointwise as by monotonicity and
concavity of U, ; this entails almost sure uniform convergence on compact sets, see p. 90 of
Rockafellar (1970). Assumption 2.4 and strict monotonicity of Uy, imply that Assumption
4.1 holds and hence Theorem 4.4 applies. It is clear from (6) that

T
Uni(x) = E(Un(z + Y (13, ASD)|F0),

i=t+1
where
j—1
¢Z,t+1 = fn,t+1(93), ¢q*m,j = fn,j(x + Z <¢2717A5’i>), Jj>t+1
i=t+1
Define

T
=x+ Y (¢, AS), neN.
i=t+1

Then we have

liminf U, ¢(z) = liminf E(Uy(ly)|F)

n—oo n—oo

lim inf E(Un(loo)|F1) = E(Uso(loo)|Ft) = Uso,t(2),

V

by optimality of ¢}, Assumption 2.4, Remark 2.5 and the fact that the random variable [
is bounded by (12).
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In fact, all the /,, are bounded, uniformly in n € N (we will denote by K such a bound)
and recalling (8), the random variables Uy, +(z) = E(U,(l,)|F:) are also bounded, uniformly
in n € N. Hence by Lemma 2 of Kabanov and Stricker (2001), there exists an F;-measurable
random subsequence o, such that

limsup Uy, ¢(z) = lim Uy, ¢(x).
n—0o00 n—00
Using again Lemma 2 of [5] for the uniformly bounded sequence l,, we can extract
another random subsequence (for which we will keep the same notation) such that [,
converges to some [*.

|E(Uo, (lo,)|Ft) = E(Uso ()| 7). < |E(Us, (l5,)|F1) = E(Uso(lo, )| F2)| +
‘E(Uoo(lcrn)w'—t) - E(Uoo(l*)u:t)’

The first term is o(1) using the uniform convergence on compact sets of U, to Uy, and the
fact that [,, are uniformly bounded by K. As l,, — I*, Uy is continuous, |Us(ls,)| is
uniformly bounded, we can use Lebesgue’s theorem and the second term is also o(1). As
the set of portfolio values is closed in probability (see e.g. the argument of Theorem 1 in
Kabanov and Stricker (2001)), I* is itself the value of a portfolio. Now

limsup Uy, (z) = lim EU,, (ly,) = E(Uso(I*)|Ft) < E(Uoso(loo)|Ft) = Uso (),
by optimality of ., finishing the proof of this Corollary. O
The following Lemma will be used to establish the rate of convergence of the optimal
strategies.

Lemma 5.2 Suppose that S is bounded, Assumptions 2.2, 2.3, 2.6 and 2.8 hold. Consider
éns(x), n €N, 1 <s<T as defined in Theorem 4.4. Then for all N > 0, almost surely,

sup |Uy, (x) = Ul 5(x)] < Cs(N)g(n), n €N, (17)
z€[—N,N]

ls(N) <|U) ((x)] < Lg(N), z€[-N,N], neN, (18)

sup  |&n,s(7) — €oos(2)] < K (N)g(n), n €N, (19)
z€[—N,N]

sup  |Up,s(z) — Usos(z)] < Cs(N)g(n), n €N, (20)
z€[—N,N]

with suitable constants £s(N), Ls(N), Cs(N),Ks(N),Cs(N) >0 and for all 0 < s < T.

Proof. Assumption 2.3 assures the uniqueness of the optimal strategy by Proposition 4.7,
which will crucial in the arguments of Sublemma below.

We remark that under Assumption 2.8, Assumption 4.1 is satisfied, so Theorem 4.4
applies. From now on we suppose d = 1 for the sake of simplicity. Let R be a constant
bound for the process |AS|. The proof is by backward induction. (20), (17) and (18) are
clear for s = T from Assumption 2.8 and Remark 2.9, (19) follows just like in the induction
step below, so let us proceed to the induction step immediately.

Assume that (20), (17), (18) and (19) hold for s > ¢. Let us establish them for s =¢—1.
Let N > 0 and x € [N, NJ], we apply (6), (9) and (7) of Theorem 4.4 for s =t — 1 and set
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X; =N+ RMt(N ). Then, using the induction hypotheses, (17) holds true because of
Uni—1(2) = Ulgya(@)| <

E(|Up 1(x + &na(2)ASy) = Ul (@ + ot (2) ASY)||Fr1) <

E(|U}, (x + &ni(2)ASy) — Ul 4 (x + &na(2) ASL)|| Fi-1)
+E(|UL 4(x + &np(2)ASy) — Ul (@ + oot (2) ASy) || Fir) <
Cy(X1)g(n) + E(|AS (&ni(z) — €sop(@))|  sup UL ()||Fim1) <

y€[—X¢,X¢]
Ce(Xt)g(n) + Li(Xe) RK(N)g(n) =: Ci—1(N)g(n).

Let us define the random functions
oz, &) = E(U,’m(a: + EAS)ASHFi1), z,£€R, neN.

Sublemma 5.3 We claim that for all n € N the random functions fn,t have continuous
differentiable Ve{sions (in both variables). U, ;—1 have twice continuously differentiable
versions (in x), £,¢(x) have continuously differentiable versions (in x). Furthermore,

_ 81fn,t(xa gn,t)

fn,t(ﬁf) = ma (21)

N fut(x,€) = E(Up(x+EASHAS|Fi1), (22)
Oafri(2,€) = E(U(x+ EAS)(AS)?|Fiv), (23)
mi1(@) = E(U) (x4 & p(2) AS) (1 + &, 4 (2) ASy)| Fi1). (24)

Proof of Sublemma. Continuous differentiability of f, ; as well as the form of the derivatives
can be established in the same way as Proposition 6.4 of Rasonyi and Stettner (2005), using
the bounds in Theorem 4.4 and the induction hypotheses of Lemma 5.2. Then (22) and
(23) follow.

Smooth version of an,t will be provided by the implicit function theorem. To see this,
notice that by optimality of gn,t(:c) and regularity of f, 4,

Va fn,t(xaén,t(x» =0, (25)
on a set of probability one. Moreover, by strict concavity of U, , ém(:c) is the unique
solution of equation (25). For all N > 0,

0o (.6 2 LN + RIEDE((ASIFi1)
> (N + RIEDE((AS)*1ias, > | Fi-1)
> B%0(N + RIE)P(AS, > §|Fi-1)
> 55267&(]\74_ R|£|) > Oa S [_Nv N]7
by (18) and Assumption 2.2. Hence by the implicit function theorem (see p. 150 of Zeidler

(1986)) there exist continuously differentiable (random) functions ¢, : R — R such that on
a set of probability one

Vy fn,t(ya Cn(y)) = 0.

Indeed, the result holds true in some neighbourhood of any real point and by unicity of the
implicit function it remains true on the whole real line. Again, by unicity of the solution
of equation (25) we necessarily have

Vi Co(z) = Eni() as.
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50 €n¢ can be choosen to be continuously differentiable in . Finally, U, -1 exists and is
of the form (24) by (9) for s = t — 1 and arguments akin to those of Proposition 6.4 in
Résonyi and Stettner (2005). One has to establish that Lebesgue’s theorem applies when
taking the derivative behind the expectation: (21), the estimates (7), (18) and Assumption
2.2 testify that

Un (@ + Ene(2)AS) (1 + &, 4 (2) AS))

is uniformly bounded when x stays in a compact, so we may indeed differentiate under the
expectation. O
Now we turn our attention to (18) for s = ¢ — 1. Define the new measures W,, by

an = —EU] (x4 &()ASy),
o = W _ —U (2 + Ena(2)AS)
"oap T o, ’
Xnit—1 = E(anwn|ft—1)-

First note that xn; 1 > &(N + RM;(N)), by (7) and (18) for s = t. If we denote W-
conditional expectation and variance by EW (-|F_1) and D3, (| F—1), we get

EWn(ASHFio1)Xni—1  E(wpaASy|Fi1)? E(anwy|Fr—1) E(wn| Fi—1)
EWn((AS)?|Fie1) E(wn|Fi-1)?E(wn(AS)?| Fi-1)
N E(w,ASy|Fi_1)?

" B(wn(AS;)?[Fi-1)

From (24) we get that for z € [-N, N]

E(ap,w,ASy|Fi—1)
-y’ = EFlaw,|[1- A _
n,t—l(x) <O‘ w ( E(cnwn(AS)2|Fiy) St ) |Fi-1

i — EWn (ASHFi—1)?Xn.t—1
" EWn((AS:)?|Fi-1)

N D%Vn(Astm,l)

M EW ((AS)2[Fioa)

- 1
> 4(N + RMt(N))ﬁDﬁvn(AStu-}_l),

The right-hand side is greater than or equal to

(2(N + RM,(N))
Li(N + RM;(N))

1
ﬁﬂzlﬁ} = Et_l(N),

by Assumption 2.2 and
s Et(N+J\>{t(N)R)
-~ LN + My(N)R)
which is true again by (18) for s = ¢. This shows the first inequality of (18) for s =¢ — 1.

The proof of the second inequality is easy and hence omitted. We know from Assumption
2.2, (23) and (18) (which has just been proved for ¢ — 1) that for all n € N:

)

1 1
- < =
inf e, (v e 102 ne—1(2,8)] T k3261 (N + RM;_1(N))

=i My_1.
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By the Lagrange mean-value theorem applied to & — fy,+—1(x,&), one has for x € [-N, N]

Mi—1| frt1 (2, Ent—1(2)) = Fri—1(2, Eoi—1())]
= mt71|foo,t71(x7£oo,t71($)) - fn,tfl(l'aéoo,tfl(l‘)”

< m G (N + My_1(N)R)Rg(n) =: K;—1(N)g(n),

‘gn,t—l(x) - goo,t—l(xﬂ

IN

where we used (25) for the equality and (17) for s = ¢t — 1 in the second inequality. This
ends the proof of (19) for s =t — 1. Let € [N, N]. Then (20) follows from

|Un,t-1(2) = Uso,t—1(2)| < |Un,t-1(0) = Usc,t-1(0)] +/0 U1 (y) = Ul i1 ()l dy.

As [y Upe-1(y) = US

rot—1(Y)dy < NCi—1(N)g(n), it remains to estimate the first term on
the right-hand side.

Un,t-1(0) = Uso—1(0)] < |E(Unt(€nt(0)ASY)|Fi—1) — E(Usct (600t (0)AS)|Fi—1)]
< _ sup |Un,t(y) - UOO,t(y)|
yE€[—M¢(0)R,M¢(0)R]
+E(U</>o,t(_Mt(0)R)’£n,t(0) — &0t (0)|R|Fi—1)
< Ci(M(0)R)g(n) + Ul (—Hy(M(0)R)) K1 (0)Rg(n),

using (6) and (17) for s =t — 1, the fact that UL, is nonincreasing, (20), (10) and (19) for
s = t. Define

Ci1(N) =: Cy(My(0)R) + UL (— Hy (M (0)R)) K1 (0)R + NC,_1(N),

this completes the induction step and hence the proof. O

6 Proof of the main results

Proof of Theorem 2.11.  Suppose that the Theorem fails and we have 9}, ;(2) -+ V3, ()
for some t and z € R. We may and will suppose 9, ;(2) — ¥5 (2) as. 1 < s < t. The
¥, +(2), n € N are uniformly bounded by (12), hence an argument similar to that of Lemma
2 in Kabanov and Stricker (2001) provides an F;_j-measurable random subsequence n(k)
such that

1/1:1(1@775(2) — Y a.8., k — 00,

and 1), differs from Pi.(2) on aset A € Fy_1 of positive measure. Define Vs 1= V3o.s(2)
for s < . Then V;"¥%) = V2% and by (6) and (11),

Usotm1 (V4= P)) = B0 (V) 4 6 (V21> AS,) | Fimy)

)

= E(Uso (V=) Fiy).

As Assumption 2.3 holds, the maximizer is unique (see Proposition 4.7) so on A we
obtain . .
B(Unot (Vi) Fic1) < BUoo g (VYOI Fi). (26)
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Then,

7w:L z )
| E(Uny(V; ") Fi1) = EUsod (VPV) | Ficr)| <
va:; »1/’* 717[)77, z )
E(Unya (V") = Usoa(V, )| Fict) + E(Usot(V; ™) = Uso d(VP) | Fica)-
By Corollaries 4.6, 5.1 and Lebesgue’s theorem, the first term is o(1). As Unk) J(2) —

o KU b N
Vs, § <t Vtz me Vtz“p, continuity of Uy ¢, Corollary 4.6 and Lebesgue’s theorem
imply that the second term is also o(1).

Using Corollaries 4.6, 5.1 and continuity of U ¢—1, we can also prove that

z7 ER e -
Un(i 4-1(Ve 1" ) = BUnr e (Vi "N Fio1) = Uso 1 (VF®) = BUao (Vi) Fia),

almost surely as k — oo, so E(Uoo,t(nz’%")]ft_l) = E(Uoo,t(‘/f’w)]ft_l), and we get a

contradiction to (26).
O

Proof of Theorem 2.12. If not otherwise stated, suprema are taken on [—N, N]. We apply
forward induction, the first step is as follows. Let N > 0, from (11) we have:

Sup [07,1(2) = ¥ (2)] = sup 0.1 (2) = ()] < Ka(N)g(n),

using (19), so we can set J;(N) = K;(N). By Theorem 4.4, Corollary 4.6, Lemma 5.2,
Sublemma 5.3, Assumption 2.2 and the induction hypotheses:

Sup [U,4(2) — V()] = sup |Ena(V; 2Ry (V=R <

sup [€n,0 (VY)Y — £ (VR0 >|+sup|£oot< =Gy (VA=) <

Kt(Ft_l(N>>g(n)+IWif”(z)—Vgi’f“’( ) sup i)l <
yE[—Ft 1(N),Fr—1(N)]
Li(F,_1(N) + M;(N)R)R
Ky (Fit (N))g(n) + L Et ) & M) ) RZJ —: Ji(N)g(n).

U(F—1(N) + My(N)R)3?

The convergence rate of u, (G, z) = Uy o(x) follows from (20). O

Proof of Theorem 2.15. Theorem 6.2 of Résonyi and Stettner (2005) shows that @, (%)
is indeed an equivalent martingale measure. By Scheffé’s theorem it suffices to establish
almost sure convergence of d@Q,,(z)/dP and this will imply convergence in the total variation
norm as well as (4). To see almost sure convergence we proceed as follows:

|U/( 7¢n(z))_U;O(V;7w;o(z))| < |U/( ﬂlﬂn(z)) UQO(V;’WZ))H

As ]V;’%(zw < Fr(|z|), Remark 2.5 implies that the first term goes to zero a.s. By Theorem
2.11, V;’w:‘(z) — V;’w&(z) and by continuity of U/, the second term tends to 0 a.s. Thus

U’ (V 2,47, (2 )) R Uéo(V;’¢;°(z)), n — 0o,
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almost surely. This sequence is bounded by sup,,cy U},(—Fr(|z])) (which is finite by Remark
2.5). Hence Lebesgue’s theorem implies

EU, (Vi) — BUL (V7). 0 — oc.

Now, it is easy to see that if two sequences x,, and y,, converge to z., and Y respectively and
Yn is bounded away from 0, then x,, /y,, converges to oo /Yoo. This observation remains true
if the convergences are at the same rate g(n). We want to apply to the present case with the

choice x,, := U,’L(V;’w‘(z)), Yn := Exy. Indeed, y, > inf,en U}, (Fr(|z])) > 0, by convergence
of the U/ — U  and strict monotonicity of U/ ; so we get that dQ,(2)/dQ — dQux(z)/dQ
a.s.

Under the additional Assumption 2.8 of Theorem 2.12, the previous estimations get

more precise, indeed, for all z € [N, N],

UL (V) Ul (vt < sup UL (y) — Ul (y)] +
yE[—Fr(|z]),Fr(|z])]
‘V;w;(z) _ V;ﬂ/’;o(z)’ sup U (v)|

ye[=Fr(|z]),Fr(|z])]

< C(Fr(N))g(n) + L(Fr(N))Rg(n) Z Jj(N).

Jj=1

This proves that =, — zo at the given rate g(n) and by Lebesgue’s theorem the same
holds for w,. O

Proof of Theorem 2.17. Let p be any accumulation point of the sequence p, (G, z) (which
is included in [0, ||G]|~]), and let ng be a subsequence along which

lim p,, (G,z) = p.
k—oo
Note that

|tn, (G, @ + Py (G, 7)) — oo (G + )| < [t (G2 + Py (G 7)) — Uoo (G & + Py (G 1))
+uoo(G, +pnk(G’ r)) — U (G, + p)l.
The first term tends to 0 by Corollary 5.1 and the fact that z+p,, (G, x) € [—|z|, |z|+||G] )
The second one is o(1) by the continuity of u.(G,.) and py, (G, z) — p. Since by definition
of pp, (G, ),
Uny (G, @ + Py (G, ) = un, (0, 2),

and we know from Corollary 5.1 that uy,, (0,2) — ux (0, z), we get that
Uoo(Ga x +p) = uoo(07 l’),

and then necessarily p = poo (G, x), by definition. O
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